The square G
Introduction
The problem of determining the chromatic number of the square of a graph has attracted lots of attention. In particular, there are many results for planar graphs (see e.g. [2] [3] [4] [5] ) as well as for the chromatic number of the square of the Cartesian product of paths and cycles [1, 4, 5] .
Let T m,n = C m C n . Sopena and Wu [5] proposed the following conjectures:
Conjecture 2.
There exists some constant c such that if m, n ≥ c, then χ (T 2 m,n ) ≤ 6. In this note, we give a coloring showing that Conjecture 2 holds for c = 40. More formally, we show:
In the rest of this section we give necessary definitions, while in the next section Theorem 1 is proved.
Let G = (V , E) be a graph. For two vertices u and v in G let d G (u, v) denote the distance between u and v in G. The square
The Cartesian product of graphs G and H is the graph G H with vertex set G × H and (
called an H-fiber and denoted as H u .
A set S of vertices of a graph G is called independent if no two distinct vertices of S are adjacent. The size of the largest independent set in G is called the independence number of G and denoted by α(G).
The elements of X are called colors. The smallest number k for which a k-coloring exists is the chromatic number χ(G) of G.
Finally, for an integer n ≥ 3, a cycle of length n denoted by C n is a graph whose vertices are 0, 1, . . . , n − 1 and whose edges are pairs i, i + 1, where the arithmetic is done modulo n.
Proof
We prove Theorem 1 in this section.
Let f denote a k-coloring of (C m C n ) 2 . We denote by f i,p the restriction of
). We also write f i for
The following lemma plays an important role in the proof.
Lemma 1. Let m, n, p ≥ 3, t ≥ 1 and f be a k-coloring of
Proof. Let f ′ be a function from V (C m+(t−1)p C n ) onto the set {1, 2, . . . , k} and f
The function f ′ is defined as follows:
In order to see that f
and f is a k-coloring of C n C m , this case is settled. C 5γ +11δ ) 2 ) ≤ 6 for integers α, β, γ , δ. Finally, Lemma 2 shows that χ (T 2 n,m ) ≤ 6 for every n, m ≥ (11 − 1)(5 − 1) = 40. This assertion completes the proof of the theorem.
Conclusion
We show that the chromatic number of the square of the Cartesian product C m C n is at most 6 if m, n ≥ 40. This result confirms the conjecture of Sopena and Wu [5] . It is known that the chromatic number of (C m C n )
